Conjunctions, disjunctions and negations are interpreted via the Boolean structure of the algebra, and we add an interior operator on M that interprets the -modality. In this paper we show how to extend this measure-based semantics to the bimodal logic S4C . S4C is interpreted in 'dynamic topological systems,' or topological spaces together with a continuous function acting on the space. We extend Scott's measure based semantics to this bimodal logic by defining a class of operators on the algebra M, which we call Ooperators and which take the place of continuous functions in the topological semantics for S4C . The main result of the paper is that S4C is complete for the Lebesgue measure algebra. A strengthening of this result, also proved here, is that there is a single measurebased model in which all non-theorems of S4C are refuted.
The aim of this paper is to give a measure-based semantics for the logic S4C , along the lines of Scott's semantics for S4. Again, formulas will be assigned to some element of the Lebesgue measure algebra, M. But what about the dynamical aspect-i.e., the interpretation of the -modality? We show that there is a very natural way of interpreting the -modality via operators on the algebra M that take the place of continuous functions in the topological semantics. These operators can be viewed as transforming the algebra in discrete units of time. Thus one element is sent to another in the first instance, then to another in the second instance, and so on. The operators we use to interpret S4C are O-operators: ones that take "open" elements in the algebra to open elements (defined below). But there are obvious extensions of this idea: for example, to interpret the logic of homeomorphisms on topological spaces, one need only look at automorphisms of the algebra M.
Adopting a measure-based semantics for S4C brings with it certain advantages. Not only do we reap the probabilistic features that come with Scott's semantics for S4, but the curious dimensional asymmetry that appears in the topological semantics (where S4C is incomplete for R but complete for R 2 ) disappears in the measure-based semantics. Our main result is that the logic S4C is complete for the Lebesgue-measure algebra. A strengthening of this result, also proved here, is that S4C is complete for a single model of the Lebesgue measure algebra. Due to well-known results by Oxtoby, this algebra is isomorphic to the algebra generated by Euclidean space of arbitrary dimension. In other words, S4C is complete for the reduced measure algebra generated by any Euclidean space.
Topological semantics for S 4C
Let the language L , consist of a countable set, P V = {p n | n ∈ N}, of propositional variables, and be closed under the binary connectives ∧, ∨, →, ↔, unary operators, ¬, , , and a unary modal operator (thus, L , is the language of propositional S4 enriched with a new modality, ).
Definition 2.1.
A dynamic topological space is a pair X, f , where X is a topological space and f : X → X is a continuous function on X . A dynamic topological model is a triple, X, f , V , where X is a topological space, f : X → X is a continuous function, and V : P V → P(X) is a valuation assigning to each propositional variable a subset of X . We say that X, f , V is a model over X . We extend V to the set of all formulas in L , by means of the following recursive clauses:
where 'Int' denotes the topological interior.
Let N = X, f , V be a dynamic topological model. We say that a formula φ is satisfied at a point x ∈ X if x ∈ V (φ), and we write N, x | φ. We say φ is true in N (N | φ) if N, x | φ for each x ∈ X . We say φ is valid in X (| X φ), if for any model N over X , we have N | φ. Finally, we say φ is topologically valid if it is valid in every topological space. and the rules of modus ponens and necessitation for both and . Following [7] , we use S4C both for this axiomatization and for the set of all formulas derivable from the axioms by the inference rules.
We close this section by listing the known completeness results for S4C in the topological semantics.
Theorem 2.3 (Completeness). For any formula φ ∈ L , , the following are equivalent:
(i) S4C φ; (ii) φ is topologically valid; (iii) φ is true in any finite topological space; (iv) φ is valid in R n for n 2.
Proof. The equivalence of (i)-(iii) was proved by Artemov et al. in [2] . The equivalence of (i) and (iv) was proved by Duque in [4] . This was a strengthening of a result proved by Slavnov in [14] . 2
Theorem 2.4 (Incompleteness for R).
There exists φ ∈ L , such that φ is valid in R, but φ is not topologically valid.
Proof. See [7] and [13] . 2
Kripke semantics for S 4C
In this section we show that the logic S4C can also be interpreted in the more familiar setting of Kripke frames. It is well known that the logic S4 (which does not include the 'temporal' modality, ) is interpreted in transitive, reflexive Kripke frames, and that such frames just are topological spaces of a certain kind. It follows that the Kripke semantics for S4 is just a special case of the topological semantics for S4. In this section, we show that the logic S4C can be interpreted in transitive, reflexive Kripke frames with some additional 'dynamic' structure, and, again, that Kripke semantics for S4C is a special case of the more general topological semantics for S4C . Henceforth, we assume that Kripke frames are both transitive and reflexive. In what follows, it will be useful to consider not just arbitrary finite Kripke frames, but frames that carry some additional structure. The notion we are after is that of a stratified dynamic Kripke frame, introduced by Slavnov in [14] . We recall his definitions below.
We say that v is a root of U v .
Note in particular that any cone, U v , in K is an open subset of W -indeed, the smallest open subset containing v. Definition 3.5. Let K = U , R, G be a finite dynamic Kripke frame. We say that K is stratified if there is a sequence U 1 , . . . , U n of pairwise disjoint cones in K with roots u 1 , . . . , u n respectively, such that U = k U k ; G(u k ) = u k+1 for k < n, and G is injective. We say the stratified Kripke frame has depth n and (with slight abuse of notation) we call u 1 the root of the stratified frame.
Note that it follows from
Definition 3.6. Define the function CD ("circle depth") on the set of all formulas in L , inductively, as follows:
We also refer to CD(φ) as the -depth of φ. Lemma 3.7. Suppose the formula φ is not a theorem of S4C , and CD(φ) = n. Then there is a stratified finite dynamic Kripke frame K with depth n + 1 such that φ is refuted at the root of K .
Proof. The proof is by Lemma 3.3 and by a method of 'disjointizing' finite Kripke frames. For the details, see [14] . 
Algebraic semantics for S 4C
We saw that the topological semantics for S4C is a generalization of the Kripke semantics. Can we generalize further? Just as classical propositional logic is interpreted in Boolean algebras, we would like to interpret modal logics algebraically. Tarski and McKinsey showed that this can be done for the logic S4, interpreting the -modality as an interior operator on a Boolean algebra. In this section we show that the same can be done for the logic S4C , interpreting the -modality via O-operators on a Boolean algebra.
We denote the top and bottom elements of a Boolean algebra by 1 and 0, respectively. 
We are now in a position to state the algebraic semantics for the language L , . 
(The remaining binary connectives, → and ↔, and unary operator, 3, are defined in terms of the above in the usual way.)
We define standard validity relations. 
Validity of (A2) is proved similarly. For (A3), note that:
This takes care of the special -modality axioms. The remaining axioms are valid by soundness of S4 for any topological Boolean algebra-see e.g., [11] . To see that necessitation for preserves validity, suppose that φ is valid in A (i.e., for every algebraic model 
Reduced measure algebras
We would like to interpret S4C not just in arbitrary topological Boolean algebras, but in algebras carrying a probability measure-or 'measure algebras.' In this section we show how to construct such algebras from separable metric spaces together with a σ -finite Borel measure (defined below). Definition 5.1. Let A be a Boolean σ -algebra, and let μ be a non-negative function on A. We say μ is a measure on A if for any countable collection {a n } of disjoint elements in A, μ( n a n ) = n μ(a n ).
If μ is a measure on A, we say μ is positive if 0 is the only element at which μ takes the value 0. We say μ is σ -finite if 1 is the countable join of elements in A with finite measure. 1 Finally, we say μ is normalized if μ(1) = 1.
Definition 5.2.
A measure algebra is a Boolean σ -algebra A together with a positive, σ -finite measure μ on A.
Lemma 5.3. Let A be a Boolean σ -algebra and let μ be a σ -finite measure on A. Then there is a normalized measure
Proof. Since μ is σ -finite, there exists a countable collection {s n | n 1} ⊆ A such that n 1 s n = 1 and μ(s n ) < ∞ for each n 1. WLOG we can assume the s n 's are pairwise disjoint (i.e.,
The reader can verify that ν has the desired properties. 2
In what follows, we show how to construct measure algebras from a topological space, X , together with a Borel measure on X . The relevant definition is given below.
Definition 5.4. Let X be a topological space. We say that μ is a Borel measure on X if μ is a measure defined on the σ -algebra of Borel subsets of X . 2 Let X be a topological space, and let μ be a σ -finite Borel measure on X . We let Borel( X) denote the collection of Borel subsets of X and let Null μ denote the collection of measure-zero Borel sets in X . Then Borel( X) is a Boolean σ -algebra, and Null μ is a σ -ideal in Borel( X). We form the quotient algebra Proof. See [6] , p. 79. 2
It follows from Lemma 5.5 that M μ X is a measure algebra. We follow Halmos [6] in referring to any algebra of the form M μ X as a reduced measure algebra. Then any open set in X can be written as a union of elements in B. Let S be the collection of elements B ∈ B such that |B| a i for some i ∈ I . We claim that
Since U i is open, it can be written as a union of elements in B. Moreover, each of these elements is a member of S (if
For the reverse inequality ( ) we need to show that if m is an upper bound on {a i | i ∈ I}, then | S| m. Let m = |M|. Note that S is countable (since S ⊆ B and B is countable). We can write S = {B n | n ∈ N}. Then for each n ∈ N, there exists i ∈ I such that |B n | a i m. By Lemma 5.5, B n ⊆ M ∪ N n for some N n ∈ Null μ . Taking unions, n B n ⊆ M ∪ n N n , and
We can now define an interior operator, I 1] , and let μ be the Lebesgue measure on Borel subsets of X , then the interior operator is non-trivial. For the proof, see [8] . But suppose μ is a non-standard measure on the real interval, [0, 1], defined by: In what follows, it will sometimes be convenient to express the interior operator I μ X in terms of underlying open sets, as in the following lemma: 
Proof. First, we must show that h |·| f is well-defined. 4 Indeed, if |A| = |B|, then ν(A B) = 0. And since f is MZP, 
By the results of the previous section, we can now interpret the language of S4C in reduced measure algebras. In particular, we say an algebraic model A, h, V is a dynamic measure model if A = M μ X for some separable metric space X and a σ -finite Borel measure μ on X .
We are particularly interested in the reduced measure algebra generated by the real interval, [ 1] , and Null μ is the σ -ideal of Lebesgue measure-zero sets. This follows from the fact that every Lebesgue-measure able set in [0, 1] differs from some Borel set by a set of measure zero.
Isomorphism between reduced measure algebras
In this section we use a well-known result of Oxtoby's to show that any reduced measure algebra generated by a separable metric space with a σ -finite, nonatomic Borel measure is isomorphic to M. By Oxtoby's result, we can think of M as the canonical separable measure algebra.
In the remainder of this section, let J denote the space [0, 1] − Q (with the usual metric topology), and let δ denote Lebesgue measure restricted to the Borel subsets of J . Definition 6.1. A topological space X is topologically complete if X is homeomorphic to a complete metric space. Definition 6.2. Let X be a topological space. A Borel measure μ on X is nonatomic if μ({x}) = 0 for each x ∈ X . Theorem 6.3 (Oxtoby, 1970 Proof. For simplicity of notation, we drop superscripts, writing simply M X , G X , and I X , etc. Let h 
Corollary 6.5. Let X be a separable metric space, and let μ be a nonatomic σ -finite Borel measure on X with μ(X) > 0. Then,
Proof. By Lemma 5.3, we can assume that μ is normalized. 6 Let X comp be the completion of the metric space X . Clearly X comp is separable. We can extend the Borel measure μ on X to a Borel measure μ * on X comp by letting μ * (S) = μ(S ∩ X) for any Borel set S in X comp . The reader can convince himself that μ * is a normalized, nonatomic, σ -finite Borel measure on 
Invariance maps
At this point, we have at our disposal two key results: completeness of S4C for finite stratified Kripke frames, and the isomorphism between M μ X and M for any separable metric space X and σ -finite, nonatomic Borel measure μ. Our aim in what follows will be to transfer completeness from finite stratified Kripke frames to the Lebesgue measure algebra, M. But how to do this?
We can view any topological space as a topological Boolean algebra-indeed, as the topological field of all subsets of the space (see Example 4.2). Viewing the finite stratified Kripke frames in this way, what we need is 'truth-preserving' maps between the algebras generated by Kripke frames and M μ X , for appropriately chosen X and μ. The key notion here is that of a "dynamic embedding" (defined below) of one dynamic algebra into another. Although our specific aim is to transfer truth from Kripke algebras to reduced measure algebras, the results we present here are more general and concern truth preserving maps between arbitrary dynamic algebras.
Recall that a dynamic algebra is a pair A, h , where A is a topological Boolean algebra, and h is an O-operator on A. 6 More explicitly: If μ is σ -finite, then by Lemma 5.3 there is a normalized Borel measure μ * on X such that μ * (S) = 0 iff μ(S) = 0 for each S ⊆ X . It
X (where the isomorphism is not, in general, measure-preserving).
Then for any φ ∈ L , ,
Let X, F be a dynamic topological space and let A X be the topological field of all subsets of X (see Example 4.2). We define the function h F on A X by
It is not difficult to see that h F is an O-operator. We say that A X , h F is the dynamic algebra generated by (or corresponding to) to the dynamic topological space X, F . Our goal is to embed the dynamic algebras generated by finite dynamic Kripke frames into a dynamic measure algebra,
where X is some appropriately chosen separable metric space and μ is a nonatomic, σ -finite Borel measure on X .
In view of Corollary 7.3 and completeness for finite dynamic Kripke frames, this will give us completeness for the measure semantics. The basic idea is to construct such embeddings via 'nice' maps on the underlying topological spaces. To this end, we introduce the following new definition:
Definition 7.4. Suppose X and Y are a topological spaces, and μ is a Borel measure on X . Let γ : X → Y . We say γ has the M-property with respect to μ if for any subset S ⊆ Y : 
(i) Clearly Φ is a Boolean homomorphism. We prove that Φ is injective and preserves interiors.
• (Injectivity) Suppose Φ(S 1 ) = Φ(S 2 ) and S 1 = S 2 . Then γ −1 (S 1 ) ∼ γ −1 (S 2 ), and S 1 S 2 = ∅. Let y ∈ S 1 S 2 . By surjectivity of γ , we have γ −1 (y) = ∅. Moreover, μ(γ −1 (y)) > 0 (since γ has the M-property w.r.t. μ, and the entire
• 
(by Lemma 5.12)
Thus it is sufficient to show that for any open set O ⊆ B,
The left-to-right direction is obvious. For the right-to-left direction, suppose (toward contradiction) that |O |
Since γ has the M-property with respect to μ, it follows that μ(
Completeness of S 4C for the Lebesgue measure algebra
In this section we prove the main result of the paper: Completeness of S4C for the Lebesgue measure algebra, M. Recall that completeness is the claim that DML M ⊆ S4C . In fact, we prove the contrapositive: For any formula φ ∈ L , , if φ / ∈ S4C , then φ / ∈ DML M . Our strategy is as follows. If φ is a non-theorem of S4C , then by Lemma 3.7, φ is refuted in some finite stratified Kripke frame K = W , R, G . Viewing the frame algebraically (i.e., as a topological field of sets), we must construct a dynamic embedding Φ : A W , h G → M, h , where A W , h G is the dynamic Kripke algebra generated by the dynamic Kripke frame K , and h is some O-operator on M. In view of the isomorphism between M and M μ X for any separable metric space, X , and nonatomic, σ -finite Borel measure μ on X with μ(X) > 0, it is enough to construct a dynamic embedding of the Kripke algebra into M μ X , for appropriately chosen X and μ.
The constructions in this section are a modification of the constructions introduced in [14] , where it is proved that S4C is complete for topological models in Euclidean spaces of arbitrarily large finite dimension. The modifications we make are measure-theoretic, and are needed to accommodate the new 'probabilistic' setting. We are very much indebted to Slavnov for his pioneering work in [14] . 7 
Outline of the proof
Let us spell out the plan for the proof a little more carefully. The needed ingredients are all set out in Lemma 7.5. Our first step will be to construct the dynamic topological space X, F , where X is a separable metric space, and F is a measure-zero preserving, continuous function on X . We must also construct a measure μ on the Borel sets of X that is nonatomic and σ -finite, such that μ(X) > 0. We want to embed the Kripke algebra In Section 8.2, we show how to construct the dynamic space X, F , and the Borel measure μ on X . In Section 8.3, we construct the map γ : X → W , and show that it has the desired properties. 7 Where possible, we have preserved Slavnov's original notation in [14] . where I k is the k-th dimensional unit cube and denotes disjoint union. We would like X n to be a metric space, so we think of the cubes I k as embedded in the space R n , and as lying at a certain fixed distance from one another. For simplicity of notation, we denote points in I k by (x 1 , . . . , x k ) , and do not worry about how exactly these points are positioned in R n .
The topological carrier of the countermodel
For each k < n, define the map
). We let
Clearly F is injective. For each k 2 we choose a privileged "midsection"
The space X n will be the carrier of our countermodels (we will choose n according to the -depth of the formula which we are refuting, as explained in the next section). We define a non-standard measure, μ, on X n . This somewhat unusual measure will allow us to transfer countermodels on Kripke frames back to the measure algebra, M 
where λ is the usual Lebesgue measure in R k+1 . Finally, for any Borel set B ⊆ X n , we let μ(B) = 
Lemma 8.1. μ is a nonatomic, σ -finite Borel measure on X n .
Proof. Clearly μ is nonatomic. Moreover, since μ(X n ) < ∞, μ is σ -finite. The only thing left to show is that μ is countably additive. Suppose that {B m } m∈N is a collection of pairwise disjoint subsets of X n . Then we have:
(by countable additivity of λ)
X is a separable metric space and F : X n → X n is measure-preserving and continuous.
Proof. The set of rational points in I k is dense in k (k n), so X n is separable. Continuity of F follows from the fact that F is a translation in R n ; F is measure-preserving by the construction of μ. 2
Completeness
Assume we are given a formula φ ∈ L , such that φ is not a theorem of S4C and let n = CD(φ) + 1. By Lemma 3.7, there is a finite stratified, dynamic Kripke model K = W , R, G, V 1 of depth n such that φ is refuted at the root of K . In other words, there is a collection of pairwise disjoint cones W 1 , . . . , W n with roots w Observe that if S is compact, then for any > 0 there is a finite -net for S. 1 , making sure that their total measure adds up to no more than (
. For each x in the interior of T k we letγ (x) = w k (k r 1 ). With slight abuse of notation we put γ (T k ) = w k . We refer to T 1 , . . . , T r 1 as terminal cubes, and we let I
Int(T k ).
At any subsequent stage, we assume we are given a set I ) = w k (for k r 1 , with the same meaning as above). Again, we refer to the T k 's as terminal cubes. Since Ω i is finite, we create only a finite number of new terminal cubes at this stage, and we make sure to do this in such a way as to remove a total measure of no more than ( (for k r j+1 ). In choosing T 1 , . . . , T r j+1 , we make sure that these cubes are not only pairwise disjoint (as before) but also disjoint from the midsection D j+1 . Again, we also make sure to remove a total measure of no more than (
We let I j+1 1
At stage i, we assume we are given a set I j+1 i equal to I j+1 minus the interiors of a finite number of closed cubes. 
Finally, we have added only finitely many terminal cubes at this stage, and we do so in such a way as to make sure that the total measure of these cubes is no more than ( This completes the construction ofγ on X . We pause now to prove two facts about the mapγ that will be of crucial importance in what follows. Thus over countably many stages we remove a total measure of no more than μ(I 
Construction of the maps, γ l . In the basic construction we defined a mapγ : X → W that we will use in order to construct a sequence of 'approximation' maps, γ 1 , γ 2 , γ 3 , . . . , where γ 1 =γ . In the end, we will construct the needed map, γ , as the limit (appropriately defined) of these approximation maps. We begin by putting γ 1 =γ . The terminal cubes of γ 1 and the exceptional points of γ 1 are the terminal cubes and exceptional points of the Basic Construction. Note that each of
n contains countably many terminal cubes of γ 1 together with exceptional points that don't belong to any terminal cube.
Assume that γ l is defined and that for each terminal cube T of γ l , all points in the interior of T are mapped by γ l to a single element in W , which we denote by γ l (T ). Moreover, assume that:
where F is again the embedding (x 1 , . . . ,
).
We now define γ l+1 on the interiors of the terminal cubes of γ l . In particular, for any terminal cube T of γ l in I The only modification we need to make is a measure-theoretic one. In particular, in each of the terminal cubes T j , we want to end up with a set of exceptional points that carries non-zero measure (this will be important for proving that the limit map we define, γ , has the M-property with respect to μ). To do this, assume γ l+1 has been defined on T we remove terminal cubes with a total measure of no more than (
). Again, this can be done because at each stage i we remove only a finite number of terminal cubes, so we can make the size of these cubes small enough to ensure we do not exceed the allocated measure. Thus, over countably many stages we remove from T j+1 a total measure of no more than μ(T 
μ(T j+1 ).
We do this for each terminal cube T of γ l in I 1 . Next we do the same for all the remaining terminal cubes T of γ l in I 2 (i.e. those terminal cubes in I (the terminal cubes in I 3 that are disjoint from D 3 ), etc. At the end of this process we have defined γ l+1 on the interior of each terminal cube of γ l . For any point x ∈ X that does not belong to the interior of any terminal cube of γ l , we put γ l+1 (x) = γ l (x). The terminal cubes of γ l+1 are the terminal cubes of the Basic Construction applied to each of the terminal cubes of γ l . The points in the interior of terminal cubes of γ l that do not belong to the interior of any terminal cube of γ l+1 are the exceptional points of γ l+1 .
In view of the measure-theoretic modifications we made above, we have the following analog of Lemma 8. Finally, note that if x is an exceptional point of γ l for some l, then γ l (x) = γ l+k (x) for any k ∈ N. We let B denote the set of points that are exceptional for some γ l , and define the map γ : B → W as follows:
Proof. Let T l be the set of all points that belong to some terminal cube of γ l . Note that T l ⊇ T l+1 for l ∈ N, and μ( 
All that is left to show is that (i) γ is continuous, open, and surjective; and (ii) γ has the M-property with respect to μ. 
Note that since W is finite, it is sufficient to prove this for the case where S = {w} for some w ∈ W .
(i) Note that x ∈ γ −1 (w) iff x is exceptional for some γ l and x belongs to some terminal cube T of γ l−1 , with γ l−1 (T ) = w.
There are only countably many such cubes, and the set of exceptional points in each such cube is closed. So γ −1 (w) is a countable union of closed sets, hence Borel. In what follows, for any w ∈ W , let U w = {v ∈ W | w R v} (i.e., U w is the smallest open set in W containing w).
Lemma 8.11. γ is continuous.
Proof. Let U be an open set in W and suppose that x ∈ γ −1 (U ). Let γ (x) = w ∈ U . Then x is exceptional for some γ l . So x belongs to an (open) terminal cube T of γ l−1 with γ l−1 (T ) = w. By R-monotonicity of γ l (y) for all y ∈ B, we know that for any y ∈ T , γ (y) ∈ U w -i.e., T ⊆ γ −1 (U w ). Moreover The collection of open elements in M ω is closed under finite meets, arbitrary joins and contains the top and bottom element (since operations in M ω are componentwise). We define the operator I ω on M ω by:
I ω (a 1 , a 2 , a 3 , . . .) = (Ia 1 , Ia 2 , Ia 3 
, . . .)
Then I ω is an interior operator on M ω (the proof is the same as the proof of Lemma 5.8). So the algebra M ω together with the interior operator I ω is a topological Boolean algebra.
Lemma 9.3.
There is a dynamic algebraic model M = M ω , h, V such that for any formula φ ∈ L , , the following are equivalent:
Proof. Let φ k be an enumeration of all non-theorems of S4C (there are only countably many formulas, so only countably many non-theorems). By completeness of S4C for M, for each k ∈ N, there is a model
